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Abstract—The spatially-incoherent radiators in visible light
communication (VLC) constrain the optical carrier to be only
driven by a real electrical sub-carrier, which cannot be quadra-
ture modulated as in classic RF-based systems. This restriction,
in turn, severely limits the transmission throughput of VLC
systems. To overcome this technical challenge, we propose a
novel coherent transmission scheme for VLC, in which the
optical carrier is only treated as a purely amplitude-modulated
carrier capable of transmitting two-dimensional (2D) symbols
(e.g. quadrature modulated symbols). The ability of our new
coherent transmission scheme to transmit 2D symbols is validated
through analytical symbol error rate derivation and Matlab
simulations. Results show that our scheme can improve both
the spectral and energy efficiency of VLC systems, i.e. by either
doubling the spectral efficiency or achieving more than 45%
energy efficiency improvement, when compared to its existing
counterparts.
Index Terms—Visible light communications, intensity modu-
lated direct detection, coherent transmission.
I. INTRODUCTION
The most common light emitting diodes (LEDs) utilized
as front-end devices in visible light communication (VLC)
exhibit low-rise time and spatially-incoherent illumination; the
former limits the modulation bandwidth (BW) to few MHz,
whereas the latter limits the choice of possible modulation
to the spectrally-inefficient intensity modulation technique.
The limitation of only using incoherent modulation schemes
introduces a new challenge when compared to classical wire-
less systems such as radio frequency (RF). This problem
is identified as a major bottleneck in the literature since
the limited modulation BW of LEDs drastically reduces the
transmission capacity, especially in multicarrier transmission
scenarios [1]. Indeed, direct-current-orthogonal frequency di-
vision multiplexing (DC-OFDM), which is the most spectrally
efficient (SE) scheme for multicarrier transmission in VLC
systems, produces a real signal in the time domain by relying,
in the frequency domain, on the Hermitian-symmetry tech-
nique which reduces the SE by a factor of two [1], [2].
In this paper, a novel coherent transmission technique1 is
proposed based on orthonormal pulse shapes (OPS). Thereby,
as in classic RF systems, the proposed scheme achieves the
conventional orthogonality as with sinusoidal carriers, but
without the need for phase or frequency recovery of the electri-
cal sub-carrier at the receiver, which is particularly beneficial
1The scheme is initially introduced in [3]
for VLC systems. Furthermore, intensity-modulated signal in
VLC must be real-positive. This constraint is addreseed in this
paper by proposing two design criteria for efficiently selecting
the set of OPSs that optimize the energy efficiency (EE) of the
electrical sub-carrier. In turn, the required direct current (DC)
that ensures the non-negativity of the electrical sub-carrier
waveform is minimized. Thanks to these criteria, our proposed
transmission is shown to achieve double the SE in comparison
with DC-OFDM scheme and improve the EE by more than 19
dB when compared to pulse amplitude modulation (PAM).
The paper is organized as follows; in Sections II and III,
an overview of OPSs is presented and the system model of
our novel scheme is introduced, respectively. Following that,
the symbol error rate (SER) of our proposed scheme is first
derived and then discussed in Section IV. Section V provides
simulation results, and Section VI concludes the paper.
II. ORTHOGONAL PULSE SHAPES
OPSs are based on orthogonal waveforms that have been
considered for a wide range of applications in wireless com-
munication [4]. An example of OPS set is the set of modified
Hermite pulsess (MHPs), which has been utilized for VLC
systems [5], [6]. MHPs are quite easy to implement, i.e., their
digital circuitry only requires adder and delay circuits and,
hence, do not rely on any coefficient multiplier circuits [5], [6].
The orthonormal MHP hw(t) of order w can be formulated
as [7]
hw(t) =
√
Ew
ζTsw!
√
2pi
e
−t2
4(ζTs)2 hˆw(t) t ∈ R, (1)
where hˆw(t) are Hermitian polynomials , such that [7]
hˆw(t) = (−ζTs)w e
t2
2(ζTs)2
dw
dtw
e
−t2
2(ζTs)2 . (2)
In (2), ζ =
√
0.01 is the normalization coefficient ensuring
that 99% of the pulse energy Ew is contained in the range
[−0.5Ts , 0.5Ts] of the pulse duration Ts. Figure 1 shows the
time domain representation of the lower order unit-energy
(i.e. Ew = 1) MHPs w = 0, 1, 2, 3 and 4 when Ts = 1s.
It can be seen from Fig. 1 that this set of waveforms have
roughly the same time duration. Thus, given the practical
aspect of MHPs, without loss of generality, we utilize these
waveforms in this paper for implementing our novel VLC
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Fig. 1. Time response of the unit-energy MHPs for different orders
coherent transmission scheme. More specifically, we consider
the set h(t) = {hw(t)}4w=0, since the higher order MHPs
exhibit longer pulse duration compared to the lower order
MHPs, as it is discussed in [4].
III. SYSTEM MODEL
A. Transmitter design
As shown in Fig. 2, contrary to classic RF systems, where
cosine and sine waveforms are utilized to transmit symbols
belonging to a 2-dimensional constellation (2DC) , we design
our VLC transmit signal by using time-limited waveforms
(e.g. pulses), which do not carry any phase information. More
specifically, our VLC transmit signal is generated by using
several waveforms belonging to a basis of orthonormal wave-
forms, thus, we refer this approach as P-coherent transmission
(CT), where P is the number of transmitting waveforms.
Therefore, our VLC transmit signal can be formulated by
s˙m(t) = s¨mAmp(t), (3)
where p(t) = [p1(t), p2(t), . . . , pI(t)]T is an orthonormal
basis of the N -waveform/signal space SN , where .T refers
to the matrix transpose operator. In addition, Am is a 2×N
waveform selector matrix and s¨m = [s¨m,1, s¨m,2] is a symbol
(where s¨m,1 and s¨m,2 are transmitted over the equivalent of
the in-phase and quadrature dimensions in RF, respectively)
belonging to a given 2DC S, such that m ∈M = {1, 2, ...,M}
with M being the constellation size. Subsequently, the signal
sm(t) is amplitude-shifted (if necessary) by employing a DC
bias, c, to ensure that it is both positive and unipolar. Assuming
a linear relationship between the LED’s output optical power
and the input drive current, the m-th transmitted optical signal
can then be formulated as
sm(t) = s˙m(t) + c. (4)
As it is well-known in intensity modulation/direct detection
systems such as VLC, the DC shift has to be within certain
limitations for safety and power-consumption reasons [8].
Hence, in the following, we propose criteria for reducing the
DC shift by designing Am in an efficient manner.
B. DC-shift reduction
Based on equation (3), s˙m(t) is a weighted sum (linear
combination) of the waveforms pn(t), such that by changing
the values of the elements of Am, i.e. am,l,n, we can change
the shape/amplitude of the transmitted signal s˙m(t). In turn,
this has an impact on the minimum value of c that is required
to ensure the uni-polarity of sm(t) in (4). Without loss of
generality, and for ease of introduction, we consider here
that only one pulse is utilized for transmitting s¨m,1 or s¨m,2,
∀m ∈ M, such that ∑Nn=1 |am,l,n| = 1, ∀m ∈ M and
l ∈ L = {1, 2}. Moreover, to take full advantage of the wave-
forms orthogonality for simplifying the detection, the pulses
that are used for transmitting s¨m,1 and s¨m,2 must be different,
such that if |am,l,n| = 1 then ai,l¯,n = 0, ∀m ∈ M, i ∈ M,
m 6= i and n ∈ N = {1, 2, . . . , N}. In addition, l¯ is the
complement of l, i.e. l¯ = 3 − l, ∀l ∈ L = {1, 2}. Based
on these constraints, different approaches can be utilized for
reducing the DC-shift c through the optimization of Am.
1) Optimization criterion 1: A simple approach for design-
ing Am (∀m ∈ M) based on the two constraints previously
mentioned is, as in RF, to utilize one waveform for transmitting
s¨m,1 (∀m ∈ M) and a different one (which is orthogonal to
the first one) for transmitting s¨m,2 (∀m ∈M). Consequently,
in this scheme that we refer to as 2-CT, A1 = . . .AM = A,
such that finding A?m that minimizes c in (4) is equivalent to
solving the following optimization problem
c = min
A
max
m∈M
fm(A),
s.t. al,n ∈ {0, 1}, al,nal¯,n = 0,∀n ∈ N ,
N∑
n=1
al,n = 1,∀l ∈ L.
(5)
In addition,
fm(A) = [max
t
−s¨mAp(t)]+, (6)
in (5), where [.]+ refers to max{., 0}.
Transmitter
s(1) LEDCombiner
Pulse Shaping
2D-Symbol
Mapping
Input Bits
Transmitter
Component
Separator p
p
Matched filters
Receiver
2D-Symbol 
De-mapping
Output Bits Bit
De-mapping PD
C
ha
nn
el
Sm,2
..
Sm,1
..
Sm
..
Fig. 2. Block Diagram of our proposed P-CT Scheme.
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2) Optimization criterion 2: A more involved approach
for designing Am can be to utilize different waveforms for
transmitting s¨m,1 (∀m ∈M) as well as for transmitting s¨m,2,
but by still making sure that these two sets of waveforms are
disjoint, i.e. if |am,l,n| = 1 then ai,l¯,n = 0, ∀i 6= m. In this
case, finding A?m (∀m ∈ M) that minimizes c in (4) boils
down to solving the following optimization problem
c = max
m∈M
min
Am
fm(Am),
s.t. am,l,n ∈ {−1, 0, 1}
N∑
n=1
|am,l,n| = 1,∀l ∈ L and m ∈M,
am,l,nai,l¯,n = 0,∀n ∈ N ,m ∈M and i ∈M.
(7)
Both optimization problems in (5) and (7) are combinatorial
problems and, hence, NP-hard. For instance, the problems
in (5) requires to search amongst N(N − 1) A matrices to
optimally find c. Whereas this number of A matrices is upper
bounded by ((N2−N)M +M ) in (7). Consequently, for low
to medium values of N and M the optimal value of c based on
our criteria can be obtained via exhaustive search. For instance,
in the case that s¨m belongs to an M -quadrature amplitude
modulation (QAM) (with M = 4, 16 and 64), p(t) is an
orthonormal basis of MHPs, i.e. p1(t) = h0(t), p2(t) = h1(t),
. . . , pN (t) = hN−1(t), and N = 5, we have found that the
optimal matrix A? based on criterion 1 is such that
A? =
[
0 0 1 0 0
0 0 0 0 1
,
]
. (8)
In other words, s¨m,1 (∀m ∈ M) and s¨m,2 (∀m ∈ M) are
transmitted by using h2(t) and h4(t), respectively. In addition,
the optimal value of c based on A? in (8) is then c ≈ 2, as
it can be seen from Fig. 3, when M = 4. Whereas, based on
criterion 2, we found that c is optimize when s¨m,1 (∀m ∈M)
is transmitted by using h0(t), and s¨1,2, s¨2,2, s¨3,2 and s¨4,2 are
transmitted by using h1(t), h2(t), h4(t) and −h1(t), respec-
tively, such that, for instance
A?4 =
[
1 0 0 0 0
0 -1 0 0 0
]T
. (9)
In this case, the scheme utilizes 4 waveforms to transmit
sm(t), thus, we refer to it as 4-CT in the following. Further-
more, the optimal value of c based on A∗m is then c ≈ 0.5,
as it can be seen from Fig. 4, when M = 4. The 2-CT
scheme is obviously simpler than the 4-CT approach since it
only requires two waveforms (instead of four) for generating
sm(t). However, as it is confirmed by the SER performance
evaluation of Section V, the latter can drastically reduces the
DC-shift and, in turn, improve the SER performance.
C. Receiver Design
At the receiver, the DC-shift is first removed and, then,
the received electrical signal s¯m(t) = s˙m(t) + z(t) passes
through a bank of selected (via Am) unit-energy matched
filters p¯l = {pn(Ts − t),∀n ∈ Nl = {nu}Nlu=1} (∀l ∈ L),
where Nl is the set of indices of the OPSs that have been
used for transmitting the l-th dimension s¨m,l, ∀m ∈ M,
and Nl is the cardinal of Nl. For instance, N1 = {2} and
N2 = {4} in Fig. 3, whereas N1 = {0} and N2 = {1, 2, 4}
in Fig. 4. Furthermore, z(t) is the sum of the ambient shot
light and thermal noise; z(t) is modeled as an additive white
Gaussian noise (AWGN) with zero mean and variance σ2.
Hence, at the sampling instant t = Ts, the outputs of the
matched filters s¯ = s˙m + z, where s˙m is a row vector
containing s˙m,n = s¨m,lam,l,n, ∀n ∈ Nl and ∀l ∈ L, and
each element zn ∈ z is the noise component at the output of
the matched filter pn(Ts − t); this noise is independent and
identically distributed (i.i.d) such that zn follows an AWGN
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Fig. 3. Optimal set of transmitted waveforms based on optimization criterion
1 in (5) for a 4-QAM modulation, when considering that p(t) = h(t).
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Fig. 4. Optimal set of transmitted waveforms based on optimization criterion
2 in (7) for a 4-QAM modulation, when considering that p(t) = h(t).
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with zero mean and variance σ2n, where σ
2
n = σ
2E[(s˙m,n)2]
and E(·) stands for the expectation parameter [9]. Thus, upon
reception of s¯m, the detector observes s¯ and based on the
optimal detection rule decides in favor of the symbol m that
minimizes m¯ = arg minm‖s¯ − s˙m‖. Afterward, the detector
de-maps sm¯ to the two-dimensional (2D) symbol s¨m¯, such
that the detected symbol is s∗ = [s¨m¯,1, s¨m¯,2].
IV. PERFORMANCE ANALYSIS
In this section, the union bound of the pairwise error
probability of our proposed P-CT scheme is derived, and then
SERs of the 2-CT and 4-CT schemes (which we introduced
in Section III-B) are discussed. In our proposed scheme, the
two parts of the constellation symbols are transmitted via
different OPSs, such that each part of the symbols is in effect
transmitted independently. Consequently, the SER of our P-
CT scheme can be expressed as
Proposition 1: Based on the premise that all the signal
points in S are equally probable, the probability of incorrectly
detecting a symbol is evaluated by using SER =
M∑
m=1
1
M
{
1−
2∏
l=1
∫
4∗
[ Nl∏
u=1
nu 6=nl
Λτ,nu
]
e
-z2
2σ2nl√
2piσ2
nl
dz
}
, (10)
here, nl is the index of the selected waveform for transmitting
the l-th dimension of s¨m where only am,l,nl 6= 0. In addition,
Λτ,n = 1 − 2τQ(zτ/
√
2σ2n ), where τ = 1 if pnl is a bi-
orthogonal waveform (biOW), i.e. {s˙m,nl < 0}Mm=1 6= ∅, or
τ = 0 otherwise, and zτ = |z + s˙m,nl | or zτ = z + s˙m,nl
for τ = 1 or τ = 0, respectively. In addition, Q(·) is the Q-
function and 4∗ = 4− s˙m,nl , where 4 is the decision region
of s˙m,nl .
Proof: please refer to Appendix A.
It is readily seen from (10) that the conventional SER of
the 2DCs is obtained when N1 = N2 = 1. That is the
dimentionality of our proposed 2-CT scheme. Hence, the SER
of our proposed 2-CT scheme if s¨m belongs to a M -QAM can
be formulated by (based on [10]) by SER =
4
√
M − 1√
M
Q
(√
3
M − 1
(log2M)Eb
σ
)
− 4
[√
M − 1√
M
×
Q2
(√
3
M − 1
(log2M)Eb
σ
)]2
, (11)
where Eb is the energy per bit. Whereas for our proposed
4-CT scheme, N1 = 1 and N2 = 3 since N1 = {1} and
N2 = {2, 3, 5}. Furthermore, the waveforms p1(t), p3(t) and
p4(t) are orthogonal waveforms (OWs) and p2(t) is biOW.
The decision regions 4, on the other hand, are determined
based on the underlying PAM constellation of {s˙m,nl}Mm=1.
To elaborate, let s¨m belongs to a 4-QAM constellation, then
s˙m,1 = 1/
√
2 ( ∀m ∈M ) and, thus, 4 of s˙m,1 ( ∀m ∈M )
is the entire real line. The same methodology can be applied
to the decision regions of s˙m,2, s˙m,3 and s˙m,5 (∀m ∈ M ).
Consequently, the performance of 4-CT when S is a 4-QAM
constellation is formulated by SER4 =
1−
√
2√
piσ2
[∫ ∞
− 1√
2
(
1− 2Q(β0))2e−2z2σ2 dz+
1√
2
∫ ∞
−∞
(
1−Q(√2β1))(1−Q(β1))e−4z2σ2 dz] (12)
where β0 = |
√
2z + 1|/√σ2/2 and β1 = (√2z + 1)/√σ2/2.
V. RESULTS AND COMPARISONS
To illustrate the effectiveness of our new P-CT scheme
in terms of EE (i.e. DC-shift reduction) and SER perfor-
mance improvement, we compare it against existing single
and multi carrier VLC transmission schemes. It should be
noted here, that perfect synchronization is assumed, E[s˙2m(t)]
is normalized. Also, the signal-to-noise ratio (SNR) is defined
as SNR= (E[s˙2m(t)] + c2)/σ2, in accordance with [11], for
ensuring a fair comparison between the different schemes.
Fig. 5 illustrate the efficiency of our proposed scheme at
independently transmitting and receiving the two parts of any
2DC symbols by comparing the theoretical SER performance
of our proposed 2-CT and 4-CT schemes in (10) and (11),
respectively, against their corresponding simulated results, for
no DC-shift (i.e. c = 0) and various M -QAM constellation
sizes. Clearly, the simulated results of our proposed 2-CT
in Fig. 5 tightly match the theoretical SER performance
derived in (11), i.e., the conventional SER performance of
QAM. Therefore, it is evident that the matched filters can
detect effectively the two parts of the transmitted symbols.
Furthermore, the simulated results of our proposed 4-CT also
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Fig. 5. Comparison between the simulated and the theoretical SER perfor-
mances of our proposed 2-CT and 4-CT schemes in the single-carrier scenario
(QAM) for c = 0 (no DC-shift) and various constellation sizes.
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constellation sizes.
tightly match the results from our derived SER expression
in (10) for any constellation sizes; this, in turn, validates the
accuracy of our analytical SER expression in (10).
Next, Fig. 6 depicts the BER performance comparison of
our 2-CT and 4-CT schemes against a classic intensity-based
modulation, i.e. PAM, when considering the effect of the DC-
shift. The results clearly indicate the significantly improved
performance of our 2-CT and 4-CT schemes in terms of
EE when compared to PAM. Precisely, our 2-CT and 4-CT
schemes achieve an improvement of at least 14 dB and 19 dB,
respectively, compared to PAM at a BER of 10−4 for M = 64.
Note that amongst the classic single carrier modulation used
in VLC, PAM is the more BW efficient compared to on-off
Keying (OOK) and multilevel pulse position modulation (M -
PPM); this explains why PAM is here used as a benchmark
[12]. Note also that our proposed transceiver does not require
complex oscillators and mixers, which makes the comparison
with PAM even fair in terms of implementation complexity.
Finally, Fig. 6 also confirms that our 4-CT scheme can for
instance enhance the EE by 5 dB at a BER of 10−4 when
compared to 2-CT for M = 16.
Figure 7 depicts the BER of our proposed 2-CT scheme as a
function of Es/No in the multi-carrier scenario when assuming
that the 2D symbols belong to a QAM-OFDM mapping for-
mat. In Fig. 7, we compare the performance of 2-CT and DC-
OFDM for the same SE η i.e., η = [3, 4, 5] bits/s/Hz, which is
equivalent to compare 2-CT with M = [8, 16, 32] against DC-
OFDM with M2 = [64, 256, 1024]. Indeed, contrary to our 2-
CT scheme, DC-OFDM scheme requires Hermitian symmetry
which returns a real signal at the output of the inverse fast
Fourier transformation (IFFT), but only half of the OFDM
sub-carriers are effectively modulated. It is intuitively clear
that our proposed 2-CT scheme produces the classical SE for
a given constellation size M i.e., η = log2M , whereas for DC-
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Fig. 7. BER performance comparison of our proposed 2-CT scheme in
the multi carrier scenario (QAM-OFDM) against DC-OFDM for various SE
values η.
OFDM scheme to produce the same SE as in η, DC-OFDM
needs to employ a constellation size M2. Thus, in Fig. 7 our
proposed 2-CT scheme for constellation sizes M = [8, 16, 32]
(i.e., η = [3, 4, 5]) is compared with DC-OFDM scheme
for constellation sizes M2 = [64, 256, 1024], respectively.
Furthermore, in order to circumvent the very high peak to
average power ratio (PAPR) ratio characteristic of the OFDM
signal, the DC shift of each constellation size is not evaluated
based on the minimum peak of the transmitted signal, rather,
a sufficient DC bias is applied to the OFDM signal after
the pulse shaping and the remaining negative signals are
clipped. The estimated DC bias for each constellation size
is here optimized through simulations by following the same
method introduced in [13]. To this effect, the optimum DC
bias of our 2-CT scheme when the 2D symbols belonging to
a QAM-OFDM mapping format for constellation sizes of M
= [8, 16, 32, 1024] is estimated to be [7, 7, 8, 13]. While the
optimum DC bias of DC-OFDM for constellation sizes M =
[64, 256, 1024] are [9.5, 11, 13], as estimated in [13]. Fig. 7
shows that our 2-CT scheme exhibits better BER performance
compared to DC-OFDM; by at least 9, 12 and 17 dB for
η = 3, 4 and 5 bit/s/Hz, respectively, at a BER of 10−4. It
should be noted here that the EE gap between the two schemes
increases as η increases because of the disadvantages of
utilizing a higher constellation size M2 in DC-OFDM instead
of a lower size M to achieve certain SE value; the PAPR of
the time-domain OFDM signal (which impacts the value of the
required DC shift level) grows with modulation order. In other
words, since DC-OFDM requires higher modulation orders to
achieve the same data rate as 2-CT, it requires higher DC-shift,
which translates into EE performance degradation. This EE
loss adds up to the conventional EE performance degradation
that higher order modulations (M2) exhibit in comparison with
For Peer Review
lower order modulations (M ). Finally and as expected, given
that our 2-CT scheme contrary to DC-OFDM does not require
Hermitian symmetry, our scheme is twice as much spectrally
efficient as DC-OFDM when considering the same BER target;
for instance, it can be remarked in Fig. 7 that the curve of
M = 1024 2-CT and M = 1024 DC-OFDM, with the SE of
the former being 10 bits/s/Hz; whereas the SE of the latter is
only 5 bits/s/Hz, overlap graphically which indicates that our
2-CT scheme can improve the SE performance of DC-OFDM
by 2.
VI. CONCLUSION
A new coherent transmission for VLC is proposed that rely
on OPS to improve both the SE and/or EE of VLC systems.
OPSs create new dimensions for CT that help to mitigate
a major technical limitation in VLC (i.e. by the use of the
spatially incoherent transmitters ) and offer a viable alternative
to the classic RF 2D sinusoidal carriers; in turn, this open a
new era in the development of complex modulation techniques
for VLC systems.
APPENDIX
A. Proof for Proposition 1
The union bound of the pairwise symbol error probability
of our proposed scheme can be expressed as
SER =
M∑
m=1
Pr(s¨m)
{
1−
2∏
l=1
Prc(s˙m,nl)
}
, (13)
where Pr(s¨m) is the probability of symbol s¨m, and
Prc(s˙m,nl) (∀l ∈ L) is the probability to correctly detect
the l-th part s¨m,l. Equation (13) follows from the statistical
independence of the noise on the carriers pnl(t). Obviously,
the derivation of Prc(s˙m,nl) for l = 1 or 2 is similar, and
therefore, the general analysis of Prc(s˙m,nl) is discussed in
the following. To evaluate the probability of correctly detecting
the l-th component s˙m,l, let us assume that the transmitting
waveform pnl(t) is an OW (τ = 0). With this assumption,
the received vector at the output of the matched filters pn(t)
(∀n ∈ Nl) is s¯l = {s¯m,n1 = zn1 , · · · , s¯m,l,nl = s˙m,nl +
znl , · · · , s¯m,l,nNl = znNl }, here, nu 6= nl. Therefore, the
detector makes a correct decision if s¯m,nl > {s¯m,nu 6=nl}Nll=1
and s¯m,nl belongs to the decision region 4. This corresponds
to
Pr[(zn1 < s¯m,nl , · · · , znu 6=nl < s¯m,nl , · · · ,
znNl < s¯m,nl)|s˙m,nl sent, τ = 0] (14)
Obviously, each event in (14) can be calculated using
Pr[znu < s¯m,nl |τ = 0] =
1√
2piσ2nu
∫ s¯m,nl
−∞
e
-z2
2σ2nu dz
=1−Q(αnu), nu 6= nl, (15)
where αn = s¯m,nl/
√
σ2n. Clearly, the events in (14) are not
independent since the random variable in s¯m,nl is part of all
the events; zn1 < s¯m,nl , · · · , znu 6=nl < s¯m,nl , znNl < s¯m,nl ,
therefore, the joint probability in (14) is calculated by condi-
tion the events on s¯m,nl i.e. Prc(s¯m,nl |τ = 0) =
1√
2piσ2nl
∫
4
Nl∏
u=1
nu 6=nl
[
1−Q(αnu)
]
e
-(z+s¯m,nl )
2
2σ2nl dz. (16)
Now, (14) and (15) are rederived under the assumption that
s¨m,l is transmitted using a biOW (i.e. τ = 1). In this case, the
detector makes a correct decision if s¯m,nl > {|s¯m,nu 6=nl |}Nll=1
belongs to the decision region 4 which can be exressed as
Pr[(|zn1 | < s¯m,nl , · · · , |znu | < s¯m,nu 6=nl , · · · ,
|znNl | < s¯m,nl)|s˙m,nl sent, τ = 0] (17)
and so (15) becomes
Pr[|znu | < s¯m,nl |τ = 1] =
1√
2piσ2nu
∫ |s¯m,nl |
-|s¯m,nl |
e
-z2
2σ2nu dz
=1− 2Q(|αnu |), nu 6= nl. (18)
Based on (15) and (18), the generalized Prc(s˙m,nl) can be
expressed mathematically by Prc(s˙m,nl) =
1√
2piσ2nl
∫
4∗
Nl−1∏
u=1
nu 6=nl
[
1− 2τQ
(
nτ
σnu
)]
e
-z2
2σ2nl dz. (19)
where in the last step the integrand variable is shifted by s˙m,nl .
Substituting Prc(s˙m,nl) into (13) yields the SER in (10).
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